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Pricing Game With Complete or Incomplete
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for Mobile Virtual Network Operators
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Abstract—In network virtualization, mobile virtual network
operators (MVNOs) lease spectrum resources from mobile net-
work operators (MNOs) and offer certain wireless services to end
users. Each MVNO competes with others using optimal price and
spectrum inventory so as to profit. However, the inventory of one
MVNO is private information and maybe unknown to others, which
makes pricing decisions difficult for MVNOs. In this work, we first
study the pricing strategy given others’ inventory information. We
model the pricing decision problem using the non-cooperative game
theory, and develop an optimal price setting algorithm based on an
ordinal potential game. Then we put forward three cooperation
strategies for MVNOs and analyze the impacts of the coalitions
structure on pricing decision. For the situation where the inventory
of one MVNO is unknown to others, we use the Bayesian coalition
formation game to formulate the pricing decision problem and
propose an optimal price setting algorithm based on the Minimum
Mean-Square Error to resolve the conflicts resulting from the
uncertainty. Next we define a Belief Pareto Order to characterize
the preferences of MVNOs regarding the coalition structures. Then
we devise a distributed coalition formation algorithm with the
proposed belief Pareto order to achieve a Bayesian-Nash stable
coalition structure that enables each MVNO to maximize its own
revenue. Finally, simulation results demonstrate comprehensive
performance evaluation of the proposed game model and provide
a guidance on pricing strategies for MVNOs.

Index Terms—Mobile network operators, mobile virtual
network operators, price competition, spectrum inventory,
incomplete information, non-cooperative game, Bayesian coalition
game.
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I. INTRODUCTION

S INCE radio spectrum scarcity limits the number of mo-
bile network operators (MNOs), mobile virtual network

operators (MVNOs), enabled by wireless network virtualization,
emerge as one comprehensive method for infrastructure sharing.
MVNOs lease spectrum resources from MNOs and offer certain
wireless services to end users (EUs) [1]. In recent years, the
number of MVNOs is rapidly growing [2], it increased by
70 percent between June 2010 and June 2015, and reached 1017,
as of June of 2015 [3]. To attract more EUs, one MVNO has to
provide better service (e.g., higher quality of service (QoS) via
more spectrum inventory or bundling their service with other
products) or lower price (e.g., different pricing plans).

The interactions among MNOs, MVNOs and EUs can be
modeled as a three-stage dynamic process [4]–[7], where MNOs
and MVNOs make coordinately spectrum leasing decisions in
Stage I, and both of them make pricing decisions in Stage II,
and then EUs make subscribe decisions in Stage III. During
Stage I, MVNOs obtain the spectrum inventories through the ad-
vance reservation, the on-demand requests, or the mixed model
(see [8]–[11] and references therein). In advance reservation,
each MVNO leases a fixed amount of spectrum resources from
one MNO for a long time [12]. However, the uncertainty of EUs’
demands may lead to the under-reservation or over-reservation.
Thus, on-demand requests provide flexibility for MVNOs to
make inventory decisions according to the observed demands
in real time [13]. Nevertheless, there is no guarantee of suffi-
cient spectrum supply. The mixed model combines the advance
reservation and the on-demand requests as a two-stage leasing
scheme, which enjoys the complementary strengths of the two
stages. Furthermore, taking the competition among MVNOs
into account, the amount of inventories can by determined by
the non-cooperative inventory game (see [14] and references
therein). In our work, we assume that the spectrum inventory
decisions for MVNOs have been made by certain means and
only focus on the pricing decisions in Stage II. During Stage
II, when making pricing decision, one MVNO considers not
only the competition from MNOs, but also the competition
from other MVNOs. For the former competition, the pricing
strategy can be designed by schemes such as the Cournot
game [4], [5], [15], Bertrand game [16], [17], Stackelberg
game [7], [18], sequential game [6], Bargaining game [19], and
the user-centric market survey [20]. For the latter competition,
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the pricing strategy can be investigated such as by the Stack-
elberg game [21], Bertrand game theory [22], and evolutionary
game theory [23]. However, these two competitions occur con-
currently in reality, but none of the above works consider two
kinds of competitions together. Furthermore, the cooperation
among MVNOs can enable MVNOs to obtain more profits
than that by the non-cooperation case. Besides, a more realistic
situation where the private information (i.e., spectrum inventory)
is unknown to other MVNOs should be taken into account.
Nevertheless, to our best knowledge, no current works have
studied this situation.

During Stage III, EUs select a MNO or MVNO as their service
provider according to the price (fixed in Stage II) and service
(supported by spectrum inventories which determined in Stage I)
that MNOs and MVNOs provide. Users’ choice behaviors can be
modeled by the evolutionary game theory [24], and the potential
subscribers for each MVNO can be inferred through the model.

In this work, we study the pricing strategy for MVNOs to
maximize their profits in wireless virtualization communication
service markets including MNOs, MVNOs, and EUs. Specifi-
cally, the main contributions of this paper are as follows:1
� We enfold the price and spectrum inventory factors into

the utility function of EUs and the revenue function of
MVNOs, respectively, and formulate the decision making
problem as a non-cooperative game model for the complete
spectrum inventory information scenario.

� We reveal the impacts of the price factor on the revenue
of MVNOs with given their inventories, and analyze the
Cournot Nash equilibrium (C-NE). We obtain several use-
ful conclusions that provide guidance on pricing decisions
for MVNOs. Moreover, we develop an optimal price setting
algorithm based on an ordinal potential game to achieve the
C-NE prices for all MVNOs.

� We analyze the potential cooperation among the MVNOs
and propose three kinds of schemes for payoff allocation.
For the proportional segmentation, we prove analytically
that MVNOs have strong incentives to cooperate and set
price coordinately their prices.

� We propose a Bayesian coalition formation game to model
the uncertainty in other MVNOs’ spectrum inventory and
develop an optimal price setting algorithm based on the
Minimum Mean-Square Error to resolve conflicts resulting
from the uncertainty.

� We define a Belief Pareto Order (BPO) to character-
ize the preferences of MVNOs regarding coalition struc-
tures based on the expected optimal payoff and develop
a BPO-based distributed coalition formation algorithm
(BPO-DCF) to achieve a Bayesian-Nash stable solution
for pricing competition and cooperation among MVNOs.

The remainder of this paper is organized as follows. Related
works is described in Section II. We introduce the system model,
including the assumptions and basic notations in Section III.
Pricing competition among individual MVNOs is analyzed in

1Part of this paper has been submitted to GLOBECOM2018 for review [25],
however, the corresponding part in this paper is improved in terms of the
algorithm, simulations, and presentation.

Section IV and we explore the strong incentives to cooper-
ate among MVNOs in Section V. In Section VI, we propose
the Bayesian coalition formation game model and develop the
BPO-DCF algorithm. The performance evaluation results for the
proposed game is presented in Section VII. Finally, Section VIII
concludes this paper.

II. RELATED WORKS

To embark on pricing strategy research, two important models
need to be clarified, which are the revenue model and the
cost model for MVNOs. For the revenue, the authors in [26]
proposed that the revenue of one MVNO can be calculated
through multiplying the average revenue per user by the number
of the MVNO’s customers based on the real option theory with
uncertain cash flows. However, this work does not propose the
method for obtaining the number of potential customers. In
reality, since EUs are free to choose the associated MVNOs
according to their expected satisfaction, it is hard for one MVNO
to get the exact or approximate number of potential customers.
Besides, the existence of MNOs makes the estimation more com-
plicated. The authors in [24] combined the evolutionary game
theory with the neutral operator to analyze the evolution of user
population associated with each operator, and then derived the
market share of each operator in the stationary conditions. For
the cost model, the authors in [27] divided the cost of one MVNO
into the variable cost and the fixed cost, and the former mainly
comes from the access charge by the MNOs. Furthermore, the
access charge depends on the substitution or complementary
relationship between MNOs and MVNOs. Specifically, in the
substitution-based relationship, one MVNO is charged higher
than its host MNO’s marginal cost. Finally, with the revenue
model and cost model, the profit for one MVNO is defined as the
difference between the revenue and the cost. These two models
lay the foundations for our research.

Some works have studied optimal pricing decisions with
incomplete information using the Bayesian game. The authors
in [28] considered revenue maximization of selling a digital
product in a social network. The private valuation of each agent
is sampled from a uniform distribution and agents know only
a common distribution about others’ private valuations. Then
agents make decisions simultaneously based on the common
prior. The authors in [29] proposed an economic framework
for a duopoly femtocell market, where pricing and spec-
trum allocation strategies are jointly considered to maximize
each wireless service provider’s utility. However, the system
models in these two works are originally not designed for
wireless virtualization communication service markets, which
makes the corresponding analysis and results different from our
work.

As an effective solution to model the unknown information
about players in the cooperation game, the Bayesian coalition
formation game (BCFG) was respectively utilized by the authors
in [30] based on an information set and by the authors in [31]
based on types. In recent years, the BCFG has been applied to
wireless communications, i.e., packet delivery [32], Internet of
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Fig. 1. Three-stage interactions among MNOs, MVNOs and EUs in a wireless virtualization communication service market.

Things [33], resource allocation for device to device commu-
nication [34], [35]. In this work, we use the BCFG to facilitate
MVNOs to model the unknown inventories of others.

III. SYSTEM MODEL

A. System Overview

We consider a wireless virtualization communication service
market (henceforth referred to as market), where each ofK sepa-
rate MVNOsV = {v1, . . . , vK} leases spectrum resources from
one of MNOs, and then competes to serve a large number of L
EUsU = {u1, . . . , uL}, as depicted in Fig. 1. The overall service
process among MNOs, MVNOs and EUs can be divided into a
three-stage dynamic process. In Stage I, MNOs and MVNOs
make coordinately spectrum leasing decisions, and then both of
them make pricing decisions in Stage II. In Stage III, the EUs
are free to choose one of the MVNOs or MNOs based on the
perceived satisfaction. To attract more users, some MVNOs may
cooperate with each other as a coalition to compete with other
non-member MVNOs. In the work, we consider the spectrum in-
ventories of MVNOs as private information and maybe unknown
to others. We focus on the pricing competition and assume that
each MVN’s spectrum inventory is given. However, as shown in
the paper, the spectrum inventory has impact on one MVNO’s
pricing decision. Therefore, both price and spectrum inventory
factors should be considered when designing the utility function
of MVNOs.

B. End User Model

One end user makes a request for data services to that MVNO
that offers better service, i.e., higher quality of lower price
of service. We assume that more spectrum inventory at one
MVNO’s disposal generates higher QoS, and thus better users’

satisfaction. However, the EUs’ satisfaction will be saturated as
the spectrum inventory increases, which is consistent with the
economics’ principle of diminishing marginal returns. Besides,
we assume that the spectrum resource of one MVNO is on
average equally shared among its users in the long term [24].

Thus, as [24], we define the utility of each user served by
MVNO vk ∈ V as follows:

Uk(Lk, qk, pk) = log
qk
Lk

− pk, (1)

where qk is the total spectrum inventory at MVNO vk’s disposal,
Lk the number of EUs affiliated with MVNO vk, and pk the retail
price of MVNO vk, i.e., the charged price for each user affiliating
MVNO vk. Both the price and utility are measured in monetary
unit (MU) during a certain time interval [5], [24].

We assume that each user is rational and free to change
from one MVNO to another, if the latter gives a better utility.
Besides, each user has a reservation utility of U0, which needs
to be satisfied when the user consents to pay the MVNO for
the service, otherwise the user changes to one MNO. As the
selections of users evolve, the market reaches to stationary
states where none of users alters its associated MVNO. In the
stationary state, MVNOs provide equal utilities to use with each
other.

Let L0 be the number of EUs affiliated with all MNOs.
According to the MVNOs’ prices and their amounts of spectrum
inventory, the stationary states of market share fall into one of
the following three possible cases.
� Case I: Ui = Uj > U0 and Li, Lj > 0, L0 = 0, ∀vi, vj ;
� Case II: Ui = Uj = U0 and Li, Lj > 0, L0 = 0, ∀vi, vj ;
� Case III: Uk = U0 and Lk, L0 > 0, ∀vk.
When Case III occurs, all MVNOs and MNOs provide the

same utility to end users, and both MVNOs and MNOs have a
certain amount of end users. When Case II occurs, the same as
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in Case III, MVNOs and MNOs still provide the same utility for
the user, but the difference is that all users have chosen MVNOs
instead of MNO for the service. When Case I occurs, MVNOs
provide users with higher utility than MNOs. All users choose
MVNO as in Case II. Note that two more situations can occur:
� Case IV: Ui = Uj = U0 and Li, Lj = 0, L0 > 0, ∀vi, vj ;
� Case V: Ui = Uj < U0 and Li, Lj = 0, L0 > 0, ∀vi, vj .
When Case IV occurs, the same as Case II and III, MVNOs

and MNOs provide the same utility for the user, but the difference
is that all users have selected MNOs, and no user chooses
MVNOs for services. When Case V occurs, MVNOs provide
users with lower utility than MNOs, so all users choose MNOs.
In this paper, the service price and spectrum inventory strategies
of MVNOs are mainly analyzed. For Case IV and V, MVNOs fail
to obtain end users, and thus no gains can be obtained. Therefore,
this paper mainly analyzes the strategies of MVNO when Case I,
II, and III occur.

Without loss of generality, in the rest of the paper, we as-
sume U0 = 0. Thus, the number of users associated with each
MVNO is given by the following axiom. The proof is given in
Appendix A.

Axiom 1: For Case I, the number of users served by MVNO
vk is given by:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Lk = Lqke
−pk∑

vi∈V qie−pi
< qke

−pk ,
∑

vi∈V Lk = L,
∑

vi∈V qie
−pi > L,

L0 = 0,

(2)

For Case II, the number of users served by MVNO vk is given
by:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Lk = qke
−pk ,

∑
vi∈V Lk = L,

∑
vi∈V qie

−pi = L,

L0 = 0,

(3)

For Case III, the number of users served by MVNO vk is given
by:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Lk = qke
−pk ,

∑
vi∈V Lk < L,

∑
vi∈V qie

−pi < L,

L0 = L−
∑

vi∈V qie
−pi .

(4)

In Case III, EUs are served by MVNOs or MNOs, while
EUs are only served by MVNOs in Case I and II. In addi-
tion, EUs can only get reservation utilities in Case II and III,
while EUs can get a better utility than the reservation value in
Case I.

C. Mobile Virtual Network Operator Model

One MVNO leases qk amount of spectrum inventory at whole-
sale price pwk . In our paper, we consider this access charge as a
linear function of spectrum inventory qk [36] as follows:

Υk = α+ β × qk, (5)

whereα and β are constant values. In addition, the total costCvk

of MVNO vk is also considered as the sum of the access charge
Υk and the cost unrelated to the spectrum inventory, introduced
in [26] bk including capital and operating costs, as follow:

Cvk
(qk) = Υk + bk. (6)

On the other hand, the revenue of MVNO vk is the function
of its market share Lk and retail price pk:

Rk = Lkpk. (7)

Substituting (2), (3) and (4) into (7), the revenue of MVNO
vk can be expressed as a function of all MVNOs’ prices and
inventories, given by

Rk =

{
qkpkLe−pk∑
vi∈V qie−pi

, Case I,

qkpke
−pk , Case II or III.

(8)

Finally, we define the profit (or utility) of MVNO vk as the
difference between its revenue and cost:

πk = Rk − Cvk
(qk). (9)

IV. PRICING STRATEGY ANALYSIS

As a profit-making institution, one MVNO should rationally
set its retail price to maximize its profit. In this section, we
assume that every MVNO’s inventory has been given, and each
MVNO knows the others’ inventory information in the non-
cooperation situation.

We regard it as a non-cooperative pricing competition among
the MVNOs Gp = (V,p, {πk}) as follows:
� Players: the set of the K MVNOs V = {v1, . . . , vK}.
� Strategies: every MVNO vk ∈ V selects its price pk ∈
[0, pmax], pmax ∈ R+.

� Payoff: the utility function πk : (pk,p−k) → R, for each
MVNO vk,

where p−k = (p1, . . . , pk−1, pk+1, . . . , pK) is the vector of
the prices set by the MVNOs excluding vk.

Since each MVNO vk selects the price that can maximize its
payoff, the best strategy can be given as

max
pk

πk(pk,p−k). (10)

According to the formulation above, there exists the best
price choice for each MVNO vk with any strategy profiles of
other MVNOs. However, the particular characteristic of this
game is that each MVNO has two different payoff functions
depending on the price profile. Despite this characteristic, the
payoff function is continuous and quasi-concave. By solving
(10), we can obtain the best reaction function of MVNOvk, given
by the following Lemma 1. The proof is given in Appendix B.
Without affecting the correctness of the upcoming conclusions,
for the simplicity of the expressions, we treat the revenue Rk

maximization instead of πk in the rest of this section.
This best response price constitutes a reaction curve to the

prices set by the other MVNOs. The Cournot Nash Equilibrium
(C-NE) of the proposed game is a pricing strategy profile where
none of the MVNOs can improve its payoff by changing its price
and the specific definition is given in Definition 1.
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Lemma 1: The best response price of the MVNO vk is:

pr
∗

k =

⎧
⎪⎨

⎪⎩

μk, if (pk,qk) s.t. Case I,

ηk, if (pk,qk) s.t. Case II,

1, if (pk,qk) s.t. Case III,

(11)

where μk is the solution to (μk − 1)eμk = qk∑
vi∈V/vk

qie
−pi

, and

ηk = log qk

L−
∑

vi∈V/vk
qie

−pi
.

Definition 1: A Cournot Nash Equilibrium for the non-
cooperative pricing game Gp = (V,p, {πk}) is a K-tuple vec-
tor (p∗1, p2, . . . , p

∗
K) such that,

Rk(p
∗
k,p

∗
−k) = max

pk

Rk(pk,p
∗
−k), ∀vk ∈ V. (12)

In fact, the pricing competition game is a finite ordinal poten-
tial game [37], and therefore, it has the pure C-NE. Analytically,
we can obtain the optimal price vector p by solving the best
response equations of all the MVNOs jointly. Practically, the
game is played repeatedly and any finite improvement path can
guarantee the convergence to the C-NE. Next, we will analyze
the best response for MVNO vk according the current others‘
prices and inventories.

On the condition that
∑

vi∈V/vk
qie

−pi ≥ L, denoted as C1,
only Case I can occur, then p∗k ∈ (0, Pmax]. Moreover, since
∂Rk

∂pk
≥ 0 at the points that satisfy pk ≤ 1, p∗k ∈ [1, Pmax]. If

(Pmax − 1)ePmax ≤ qk∑
vi∈V/vk

qie−pi
, ∂Rk

∂pk
≥ 0 at (0, Pmax], thus

p∗k = Pmax. Otherwise, p∗k is the solution to (pk − 1)epk =
qk∑

vi∈V/vk
qie−pi

.

In contrast, for the situation where
∑

vi∈V/vk
qie

−pi < L, if

qke
−Pmax +

∑
vi∈V/vk

qie
−pi > L, denoted as C2, similar to

C1, only Case I may occur and the best response price is the same
with that in C1. Otherwise, if qke−Pmax +

∑
vi∈V/vk

qie
−pi =

L, denoted as C3, Case I can occur at (0, Pmax) and Case I
can occur at Pmax. Since

∑
vi∈V qie

−p∗
i > L for Case I,

qkpkLe−pk∑
vi∈V qie−pi

< qkpkLe
−pk , ∀pk ∈ (0, Pmax], the best response

will occur at Pmax in Case II.
Furthermore, for the situation where qke

−Pmax +∑
vi∈V/vk

qie
−pi > L, if qk +

∑
vi∈V/vk

qie
−pi > L,

denote as C4, Case I can occur at (0, ηk), Case II can
occur at ηk, and Case III can occur at (ηk, Pmax], where
ηk = log qk

L−
∑

vi∈V/vk
qie−pi

. Similar to C3, the revenue resulting

from the best response in Case I is less than ones in Case II
and Case III, the best response will occur in Case II and
Case III. If ηk ≥ 1, ∂Rk

∂pk
≥ 0 at pk ∈ [ηk, Pmax]. Therefore,

Rk is monotonically decreasing function of pk, and thus
the best response is ηk. Otherwise, the best response will
occur at the point where ∂Rk

∂pk
= 0, and therefore p∗k = 1. If

qk +
∑

vi∈V/vk
qie

−pi ≤ L, denoted as C5, only Case III can
occur at (0, Pmax]. Thus, the best response will occur at the
point where ∂Rk

∂pk
= 0, and therefore p∗k = 1.

Each MVNO adjust its price to the best response to the
current others’ prices. The above update process will continue
until no MVNO will change its price. Consequently, we obtain

Algorithm 1: Optimal Price Setting Based on Ordinal Po-
tential Game.

Input: A set of K MVNOs V , each MVNO’s inventory qk,
the number of EUs L, and the highest price Pmax.

1: Initial State. The initial price vector of all the
MVNOs is p = (p1, . . . , pK).

2: loop
3: Any MVNO updates its price pk as follows:
4: if C1 or C2 holds then
5: if (Pmax − 1)ePmax ≤ qk∑

vi∈V/vk
qie

−pi
holds then

6: Update the price to the Pmax,
7: else
8: Update the price to the one which is the solution to

(pk − 1)epk = qk∑
vi∈V/vk

qie
−pi

.

9: end if
10: else if C3 holds then
11: Update the price to the Pmax.
12: else if C4 holds and ηk = log qk

L−
∑

vi∈V/vk
qie

−pi
≥1 then

13: Update the price to the ηk,
14: else
15: Update the price to 1.
16: end if
17: end loop while the price vector p no longer changes.

Output: the optimal price vector p.

the optimal price for each MVNO through the non-cooperative
game, and the overall solution is demonstrated in Algorithm 1.

It can be observed through the above analysis that the C-NE
will exist in three main situations including Case I, Case II, and
Case III. For Case I, the C-NE exists at the point that all the
partials are zeros or at least one MVNO set the highest price
Pmax. For Case II, the C-NE exists at the point that ηk, ∀vk ∈ V
or at least one MVNO set the highest price Pmax. For Case III,
obviously only one C-NE will occur, i.e., all the MVNOs set the
price to 1.

Actually, the occurrence of the situations depends on the
spectrum inventories q of all MVNOs and the number of EUs
L. When MVNOs lease a small amount of spectrum resources,
MVNOs only can offer marginal services to a small amount of
users, and the rest of users will select MNOs to provide service,
and therefore the C-NE occurs in Case III. As the inventories
increase, MVNOs can induce users to deviate from MNOs and
provide more users with services until MVNOs can serve all
users. However, MVNOs only offer marginal services and all
the users only obtain the reservation utilities, and therefore the
C-NE occurs in Case II. With the further increase of inventories,
MVNOs can offer better services than reservation utilities to
users and compete with other MVNOs to attract more users.
Therefore, the C-NE occurs in Case III.

In particular, for Case I the optimal price for each MVNO can
be obtain by solving an equation which is given by Theorem 1
and the proof is shown in Appendix C.
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Theorem 1: The C-NE price for each MVNO vk is reached
if and only if the following equation holds,
⎧
⎪⎨

⎪⎩

∑
vi∈V qie

−p∗
i > L, (p∗k,p

∗
−k) s.t. Case I,

∑
vi∈V qie

−p∗
i = L, (p∗k,p

∗
−k) s.t. Case II,

p∗k = 1, and
∑

vi∈V qi < eL, (p∗k,p
∗
−k) s.t. Case III,

(13)

and the corresponding optimal revenue at the C-NE price is

R∗
k =

⎧
⎪⎨

⎪⎩

L(p∗k − 1), Case I

qkp
∗
ke

−p∗
k , Case II

qk
1
e , Case III

(14)

where for first case, the following equation array holds,
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(p∗1 − 1)ep
∗
1 =

q1
∑

vi∈V/v1
qie−p∗

i
,

· · · ,

(p∗K − 1)ep
∗
K =

qK
∑

vi∈V/vK
qie−p∗

i
.

(15)

As mentioned before, the spectrum inventories of MVNOs
affect pricing decisions. If one MVNO has more inventory, the
MVNO can increase its price to make more profits. We give
this observation in Proposition 1 and the proof is shown in
Appendix D.

Proposition 1: When one MVNO increases its inventory
with the others constant, the MVNO‘s C-NE price increases
while the others’ decrease.

In addition, if two MVNOs have the same inventories, these
two MVNOs will set the same price. This observation is shown
in Proposition 2 and the proof is given in Appendix E.

Proposition 2: If two MVNOs have the same inventory qi =
qj , they have the same C-NE price p∗i = p∗j .

In particular, if all the MVNOs have the same inventory, the
MVNOs will have the same price decision and the price can be
obtained by the following corollary.

Corollary 1: When all the MVNOs have the same inventory
qk = q, ∀vk ∈ V , the MVNOs have the same C-NE price p∗k = p
and the price is

p =

⎧
⎪⎨

⎪⎩

K
K−1 , q > L

K e
K

K−1 ,

η, qe−η = L
K ,

1, q < L
K e,

(16)

and they have the same revenue R∗
k = R∗, ∀vk ∈ V , given by

R∗ =

⎧
⎪⎨

⎪⎩

L
K−1 , q > L

K e
K

K−1

qηe−η, qe−η = L
K ,

q 1
e , q < L

K e.

(17)

V. COOPERATION AMONG MVNOS

To make more profits, MVNOs will form coalitions to com-
pete with others [38]. The key issue is how to distribute benefits
among member MVNOs [39]. In this section, we study three
kinds of cooperation strategies, i.e., proportional segmentation
(PS), logarithmic segmentation (LS) and equivalent segmen-
tation (ES). For PS, MVNOs allocate payoffs according to

the amount of spectrum inventories. The payoff ratio among
MVNOs equals the spectrum inventory ratio. For LS, the total
revenue of one coalition of MVNOs is distributed according
the logarithm of spectrum inventories. The payoff ratio among
MVNOs equals the ratio of the inventory plus a constant. For
ES, each MVNO obtain the same revenue with other member
MVNOs. In what follows, we derive the specific price and
revenue of each MVNO with respect to these three cooperation
strategies. Note that we only present the derivation for Cases I
and II defined in Section III, since for Case III, all the MVNOs
set its price equal to 1 as given in Lemma 1 and its revenue is
qk 1

e as given in Theorem 1.

A. Proportional Segmentation

For the cooperation strategy of proportional segmentation, as
we have observed that all the member MVNOs will set the same
price. However, unlike the situation in non-cooperative game,
the MVNOs have different revenues. Let pk = p, for Case II,

since
∑

vi∈V qie
−pi = L, we can get p = log

∑
vi∈V

qi

L . Thus,
we have

Rk = qkpke
−pk = pe−pqk =

Lqk
∑

vi∈V qi
log

∑
vi∈V qi

L
.

(18)
Let RII denote the sum of all MVNOs’ revenues, and we can

get that

RII =
∑

vi∈V
Rk =

∑

vi∈V
pe−pqk = Lp = L log

∑
vi∈V qi

L
.

(19)
In contrast, for Case I, since

∑
vi∈V qie

−pi > L, we have

p < log

∑
vi∈V

qi

L . Besides, the price of one MVNO is not
greater than the allowable maximization Pmax, and thus p =

min{log
∑

vi∈V
qi

L −δ,Pmax}. Furthermore, the revenue can be ob-
tained by the following equation

Rk =
qkpkLe

−pk

∑
vi∈V qie

−pi
=

Lqk
∑

vi∈V qi
p,

=
Lqk

∑
vi∈V qi

min

{

log

∑
vi∈V qi

L
− δ, Pmax

}

.

(20)

Let RI denote the sum of all MVNOs’ revenues and we can get
that

RI =
∑

vi∈V
Rk =

∑

vi∈V

Lqk
∑

vi∈V qi
p,

= Lp = Lmin

{

log

∑
vi∈V qi

L
− δ, Pmax

}

.

(21)

B. Logarithmic Segmentation

For the cooperation strategy of logarithmic segmentation, as
we have observed that all the member MVNOs have the same
served users. For Case II, since Lk = qke

−pk and
∑

vi∈V Lk =

L, we have qke
−pk = L

K , ∀vk ∈ V . Then, we can get the price
pk = log Kqk

L . Moreover, the revenue for MVNO vk is given by
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TABLE I
THE COOPERATION STRATEGY PARAMETERS FOR CASE II

Rk = L
K pk = L

K log Kqk
L . Thus, we can the sum revenue RII =

L
K

∑
vi∈V log

Kqk
L .

In contrast, for Case I, MVNO vk serves the same number of
users with Case II. However, according to the definition of Case
I in Section III, unlike Case II log qk

Lk
− pk > 0. Let log qk

Lk
−

pk = a, where a is a positive constant number. Then, we can
get the price pk = log Kqk

L − a for MVNO vk. In addition, as
mentioned before, the price of one MVNO is not greater than
the allowable maximization Pmax, and thus the price is given by
pk = min{log Kqk

L − δ, Pmax}. Consequently, the revenue for
MVNO vk and the overall revenue for all the member MVNOs
are given by Rk = L

K pk = min{ L
K log Kqk

L − δ, L
KPmax} and

RI = min{ L
K

∑
vi∈V log

Kqk
L − δ, LPmax}, respectively.

C. Equivalent Segmentation

Though the payoff is distributed equally among MVNOs, the
payoff can not be obtained directly since the total revenue is
unknown. We assume the revenue for each MVNO is the sameσ.
Since Rk = qkpke

−pk = σ,∀vk ∈ V according to Theorem 1,
we have −pke

−pk = − σ
qk

. Therefore, we can get the price for
MVNO vk pk = −W0(− σ

qk
), where W0(·) is the lower prin-

ciple branch of the real-valued Lambert-W function [40]. In
addition, since

∑
vk∈V qke

−pk = L according to Theorem 1, we

have
∑

vk∈V qke
W−1(− σ

qk
)
= L. By solving the equation, we can

obtain σ. Thus, the sum revenue of all the member MVNOs is
Kσ.

In summary, the price and revenue for MVNO vk and the sum
revenue for all the member MVNOs as to Case II are shown in
Table I. The results for Case I are omitted due to space limita-
tions. Specifically, for the situation where all MVNOs have the
same spectrum inventory qk = q, the proportional segmentation
is equivalent to the logarithmic segmentation.

In what follows, we study the impacts of coalition structure
on the pricing strategies for MVNOs. For ease of description,
we only discuss the cooperation strategy of the proportional
segmentation where all the member MVNOs set the same price
and only discuss Case I. Thus, we call coalition price the one set
by all the member coalition cooperatively. Specifically, a group
of MVNOs form a coalition, denoted with Λn,Λn ⊆ V , and set
the same price pΛn

. When there are more than one coalitions,
each coalition compete with other coalitions for selecting the
retail prices to yield the higher payoffs. Clearly, the mechanics
of this competition are the same as when different individual
MVNOs compete with each other. Let qΛn

=
∑

vk∈Λn
qk the

total spectrum inventory of the participating MVNOs of coali-
tionΛn. In other words, a coalition acts as a single virtual MVNO
with qΛn

amount of spectrum inventory. According to (8), the
revenue of MVNO vk that participates in coalition Λn is

Rk(pΛn
) =

{
qkpΛnL

qΛn+epΛn
∑

vi∈V/Λn
qie−pi

, pΛn
< ηk(Λn),

qkpΛn
e−pΛn , pΛn

≥ ηk(Λn),
(22)

where ηk(Λn) = log qΛn

L−
∑

vi∈V/Λn
qie−pi

that depends on the spe-

cific coalition Λn.
As a profit-making entity, each member MVNO will propose

the coalition price to maximize its payoff. However, the most
uncontroversial method is to set the coalition price to maximize
the overall revenue of all the member MVNOs. In fact, the price
set from a personal perspective is the same with the one set from
the coalition perspective. We give this conclusion in Theorem 2
and the proof is given in Appendix F.

Theorem 2: The coalition price proposed by one MVNO to
maximize its payoff is consistent with the one set by maximizing
the coalition’s aggregate revenue.

The formation of two or more MVNOs into one new coalition
will have an effect on the prices of these MVNOs and also have
impacts on the prices of others. In addition the overall revenue
of one coalition a close relationship with the coalition’ price.
We give these conclusions in Theorem 3 and the proof is given
in Appendix G.

Theorem 3: When two or more MVNOs form to a coalition,
the equilibrium prices of all MVNOs increase. There is a direct
proportionality between aggregate revenue of MVNOs partici-
pating in a coalition and their prices.

However, one MVNO will have lower or higher revenue when
it participates in different coalition. The resulted revenue is
related with the overall spectrum inventory of the participating
coalition, as shown in Theorem 4.

Theorem 4: In the Cournot NE, MVNOs in coalition (Λi : Λ)
get lower revenue per unit spectrum compared to the MVNOs
in coalition (Λj : Λ), if qΛi

> qΛj
.

Theorem 4 along with Theorem 3 indicates that some MVNOs
may not participate in a coalition and act independently. This is
due to the fact that MVNOs with small amount of spectrum
inventory may obtain lower revenue when participating with a
coalition with largeqΛn

. In this situation, although the aggregate
revenue of the coalition increase (after joining), the individual
share of the newly joining MVNO may decrease.

Up to now, we have the pricing decision and cooperation
strategy under the assumption that the spectrum inventory of
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each MVNO is known to others. However, in fact these in-
formation are private and will not share with each other even
though they cooperate as a coalition. In the next section, we
will propose Bayesian coalition formation game to consider
this pricing competition problem with incomplete and uncertain
information.

VI. BAYESIAN COALITION FORMATION GAME

AMONG MVNOS

In this section, we consider the pricing decision and cooper-
ation strategy when the spectrum inventory of each MVNO is
unknown to others. We use Bayesian coalition formation game
(BCFG) to model this uncertainties [31], propose belief Pareto
order to model the preference of each MVNO to coalitions and
then develop an algorithm to solve the formulated problem.

A. The Model

Definition 2: The Bayesian coalition formation game G =<
V,Θ, (Bk), (AΛn), � > is a coalition formation game, charac-
terized by
� a set of players V .
� a finite set of possible typesΘk for each player vk ∈ V . Let
Θ = ×vk∈VΘ

k denote the set of all players’ type profiles.
For any coalition Λn ⊆ N , ΘΛn = ×vk∈Λn

Θk, and for
any vk ∈ V , Θ−k = ×j 	=kΘ

j . Each player vk knows its
own type θk, but not those of other players θ−k ∈ Θ−k.

� a player vk’s beliefs Bk, which comprise a joint distribu-
tion over Θ−k, where Bk(θ−k) is the probability that vk
assigns to other players having type profile θ−k. A function
Bk(θΛn) indicates a marginal value of Bk over any coali-
tionΛwith members’ typesθΛn = {θk|vk ∈ Λn ∈ ΘΛn}.
For ease of notation, we let Bk(θk) refer to vk’s ”belief”
about its own type (assigning probability 1 to its actual type
and 0 to all others).

� a finite set of coalitional actions AΛn that a coalition Λn

has available to it.
� a payoff allocation function �, which assigns to each

player a payoff φk(Λn;Λ).
We can model the pricing competition among MVNOs as a

BCFG and the components of it for our problem are described
below. The players are the MVNOs. The MVNO’s type θk = qk
indicates its private decision about the traffic inventory. Each
MVNO cannot know the types of other MVNOs. The coalitional
action of a coalition Λn corresponds to the retail price set by all
MVNOs in coalition Λn. φk(Λn;Λ, Bk) = R∗

k is the expected
revenue of any MVNO vk in coalition Λn within a partition Λ
given the beliefs of MVNO vk about the types of all players in
the coalition Λn and the coalitional action pΛn

. Here we stress
that, according to the nature of market, the coalitional actions are
completely observable: all members of coalitionΛn can not only
observe the actions of this coalition but also know the actions of
other coalitions.

The non-cooperative game among the {Λ1, . . . ,ΛN}, N > 1
coalitions is identical to the pricing competition game with N
MVNOs where qΛn

, ∀n = 1, . . . , N . According to (9) and (22),
with given types of all MVNOs θ, namely traffic inventory q =

(q1, . . . , qK), the revenue of MVNO vk participating coalition
Λn is:

Rk(Λn;Λ,pΛ|q) =
qkpΛn

Le−pΛn

∑N
i=1

(∑
vj∈Λi

qj

)
e−pΛi

. (23)

Since each MVNO cannot know the exact types of all others, it
can only estimate (based on its belief Bk) the expected payoff
using

φk(Λn;Λ,pΛ, B
k) =

∑

q−k∈Q−k

Bk(q−k)Rk(Λn;Λ,pΛ|q),

(24)
where Q−k is the type space for the MVNOs except vk. Given
the other coalitions’ prices, the expected optimal payoff (EOP)
for each MVNO can be obtained by maximizing (24) among any
possible values pk as (25) shows.

φ̄k = max
pk

φk(Λn;Λ,pΛ, B
k). (25)

However, since the optimal points of expected payoffs for
every MVNOs within the same coalition maybe differ-
ent, they may propose different coalition’s price. In this
case, each MVNO calculates the negotiated optimal pay-
offs NOPs based on others’ proposed prices, denoted as
{φk,1, φk,2, . . . , φk,k−1, φk,k+1, . . . , φk,Kn

}, where φk,j is the
NOP for MVNO vk based on MVNO vj’s proposed price. For
each MVNO vk, there is difference between its EOP φ̄k and
NOP φk,j based on vj’s proposed price. Thus, we can get the
mean-square error (MSE) for all MVNOs within coalition Λn,
shown in

MSEΛn
=

1
Kn

Kn∑

i=1

(
φ̄i − φi,k

)2
, (26)

where Kn is the size of coalition Λn and φk,k = φ̄k.
We propose the coalition price is the one that minimizes the

mean-square error, as shown below:

pΛn
= arg min

pk,Λn

{
1
Kn

Kn∑

i=1

(
φ̄i − φi,k

)2

}

. (27)

When one coalition changes its price, the others update their
prices correspondingly. This will lead to further updates by
others. The update process terminates until no coalition changes
its price, and the overall process is illustrated in Algorithm 2.

According to Algorithm 2 the optimal price p∗Λn
can be

found for each coalition Λn and the price vector is p∗
Λ =

(p∗Λ1
, . . . , p∗ΛN

) when MVNOs in all coalitions set their best
response prices p∗Λn

taking into account the actions of the
other coalitions. Each MVNO vk can obtain its payoff based
on this optimal price vector and we call this agreed optimal
payoff. Note that the price and revenue of each MVNO at the
C-NE, depends not only on the size of its coalition, but also
on the coalition structure that are formed by the other MVNOs.
Moreover, we assume that there is no central entity coordinating
the interactions of MVNOs and each MVNO choose a coalition
that the player prefers to be a member of according to its potential
optimal payoff.
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Algorithm 2: Optimal Price Setting Based on Minimum
Mean-Square Error.

1: Input. set of MVNOs V , partitioned by Λ = {Λ1, . . . ,
ΛI}, each MVNO’s type q, type space Q, each
MVNO’s belief about others’ types Bk(q−k) and the
number of EUs L.

2: Initial State. The initial price vector is p = (pΛ1 , . . . ,
pΛN

).
3: loop

� each coalition updates its price pΛn
as follows:

– each MVNO vk ∈ Λn proposes a candidate price
and has its expected optimal payoff φ̄k.

pk,Λn
= argmax

pΛn

φk(Λn;Λ,pΛ, B
k).

– each MVNO calculates its negotiated optimal
payoff based on other members’ proposed prices
{φk,1, φk,2, . . . , φk,k−1, φk,k+1, . . . , φk,Kn

}.
– the price is updated by

pΛn
= argmin

pk,Λn

{
1
Kn

Kn∑

i=1

(
φ̄i − φi,k

)2

}

.

4: end loop when the price vector p no longer change.
5: Output the optimal price vector p.

B. Coalition Formation

To propose a protocoal for dynamic coalition formation, we
define two concepts preference and collection of coalitions.

Definition 3: A collection of coalitions in the grand coalition
V , denotedS , is defined as the setS = {S1, . . . , SI} of mutually
disjoint coalitions Si ⊆ V , and this group of disjoint coalitions
Si of V not necessarily span all MVNOs of V .

Rather than the aggregate revenue of the MVNOs, we have
to consider individual revenues. Therefore, we define Belief
Pareto Order (BPO) �BPO as a comparison metric between two
collections of coalitions.

Definition 4: Given two collections R and S of the same
players, R is preferred over S by Belief Pareto Order, de-
noted as R �BPO S , if at least one player in R (i.e., M ⊆
R, |M | ≥ 1) believes that its expected optimal payoff is im-
proved (i.e., φ∗

k(R, Bk) > φ∗
k(S, Bk), ∀vk ∈ M) and all other

players inR (i.e.,R/M) believe that they are not worse off (i.e.,
φ∗
i (R, Bi) ≥ φ∗

i (S, Bi), ∀vi ∈ R/M).
Using Belief Pareto Order, merging and splitting rules for

forming and breaking coalitions can be defined as follows:
Definition 5. Merge Rule: Any collection of disjoint coali-

tions S = {S1, . . . , SI} may be merged into a single coalition
T =

⋃I
i=1 Si whenever the new coalition T is preferred by all

the players over the previous collection of coalitionsS according
to the Belief Pareto Order; i.e. where T �BPO S , therefore,
S → T .

Definition 6. Split Rule: A single coalition T may be split
into a collection of disjoint coalitions S = {S1, . . . , SI} when-
ever the new spit form S is preferred by the players over the

Algorithm 3: Distributed Coalition Formation Algorithm
Based on the Belief Pareto Order.

1: Given set of MVNOs V = {v1, . . . , vK}, each
MVNO’s type q, type space Q, each MVNO’s belief
about others’ types Bk(q−k) and the number of
EUs L.

2: Initial State. The MVNOs is partitioned by
Λ = {Λ1, . . . ,ΛI}(At the beginning Λ = V).

3: loop
� Obtain the optimal price vector p∗ according

Algorithm 2 with input Λ.
� T = Merge(Λ);coalitions in T decide to merge

based on the merge rule explained in Section VI-B.
� Obtain the optimal price vector p∗ according

Algorithm 2 with input T .
� Λ = Split(T );coalitions in T decide to merge based

on the Belief Pareto Order.
4: end loop when a Bayesian-Nash stable coalitional

structure Λ is obtained.

previous single coalition T according to the Belief Pareto Order;
i.e., where S �BPO T , therefore, T → S .

We obtain a Bayesian-Nash stable coalitional structure of V ,
which is an analog of the traditional core concept for the non-
Bayesian coalition formation scenario.

Definition 7: A coalitional structure Λ = {Λ1, . . . ,ΛI} is
Bayesian-Nash stable, if no group players has an incentive to
deviate based on their expected optimal payoff, even if they con-
sider that external players react in such a way as to maximizing
the payoff of deviators.

Note that both rules use �BPO comparison relation ‘globally,’
not only focusing on the coalitions that take part and result
from the merge, respectively split, but the other coalitions which
are competitors, formed by the remaining MVNOs. Finally, we
present a distributed coalition formation algorithm, shown in
Algorithm 3 based on the Belief Pareto Order (BPO) for pricing
competition and cooperation among MVNOs. The main idea
is as follows. Given the initial coalition structure and coalition
prices, all coalitions update their coalition prices according the
process in Algorithm 2 until no coalition changes its price. Then
any coalitions can merge or split, if the new one can give them
more payoffs based on their beliefs. The iteration continues until
no coalition changes the coalition structure.

VII. SIMULATION RESULTS

In this section, we demonstrate the performance of our
proposed pricing algorithms and cooperative strategies. We
compare the pricing decisions and revenues by simulations in
MATLAB under non-cooperation and cooperation cases, and
also under complete information and incomplete information
cases. The considered system parameters are shown in Table II,
we consider a wireless virtualization communication service
market which includes N = 2 MNOs, K = 5 MVNOs and L =
100thousand EUs with a three-stage interaction. The leased
spectrum inventories for MVNOs have been determined during
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TABLE II
SIMULATION PARAMETERS

Fig. 2. The prices and revenues evolution of the MVNOs and the relationship between the price and revenue for each MVNO. For (abc), the inventories for each
MVNO are 0.1 L, 0.2 L, 0.2 L, 0.3 L, and 0.3 L, respectively. For (def), the inventories for each MVNO are 0.4 L, 0.5 L, 0.6 L, 0.7 L, and 0.8 L, respectively. For
(ghi), the inventories for each MVNO are 1 L, 2 L, 3 L, 4 L, and 5 L, respectively.

Stage I, MVNOs make pricing decisions during Stage II, and
each end user select on of MVNOs or MNOs during Stage
III. We consider the stationary system state which means every
user makes a choice and the choice will not change again. The
inventory values will vary depending on the performance we
are comparing. As for incomplete information case, we consider
only three sampled values for type space, i.e., {0.7 L,1.4 L,2.1L},
and all MVNOs have a common prior about the type space,
which is a discrete uniform distribution.

We first consider the pricing strategy for MVNOs in non-
cooperative competition with known others’ spectrum invento-
ries. Relative to the number of users, three different levels of
amounts of inventories for MVNOs, i.e., small, medium, and
large, are simulated. In contrast, we assume that the total amount
of inventories for MNOs is equal to half the number of users.
The proposed optimal price setting algorithm based on ordinal
potential game is implemented. When MVNOs have a small
amount of inventories, as shown in Fig. 2(a), each continuously
adjusts its price in response to its rivals’ price to maximize its
revenue. After six iterative game step, every MVNO set the price
to 1 MU. As shown in Fig. 2(b), the MVNOs that have higher

inventory obtain more revenue. In this situation, for MVNOs the
competition pressure from MNOs is greater than the competition
from other MVNOs. When MVNOs own a medium amount of
inventories, as shown in Fig. 2(c), each MVNO set higher price
than that in a small amount situation and the MVNOs that have
higher inventory set higher price than lower ones. Similar to the
small situation, Fig. 2(d), the MVNOs that have higher inventory
obtain more revenue. In this situation, the competition MVNOs
face is mainly from other MVNOs. Besides, end users get equal
utility in both two situations. When MVNOs have large amount
of inventories, as shown in Fig. 2(e–f), the simulation results
have similar characteristics with the previous two situations
except that end users can get a higher utility.

Next, we compare three kinds of cooperation strategies, pro-
posed in Section V, i.e., proportional segmentation (PS), loga-
rithmic segmentation (LS) and equivalent segmentation (ES),
where each MVNO’s inventory is also known to others. As
shown in Fig. 3, the PS strategy achieves the highest sum revenue
than those of the other two cooperation strategies, and the LS
strategy achieves higher sum revenue than that of the ES. In ad-
dition, the difference of revenue ratio for each MVNO between
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Fig. 3. The total revenue and payoff for each MVNO as to three cooperation strategies, i.e., proportional segmentation (PS), logarithmic segmentation (LS) and
equivalent segmentation (ES), respectively. The inventories for each MVNO are 0.4 L, 0.5 L, 0.6 L, 0.7 L, and 0.8 L, respectively.

Fig. 4. The C-NE prices and revenues for MVNOs as to non-cooperative game
(Non CG) and cooperative game (CG), respectively. The inventories for each
MVNO are 3.5 L, 1.4 L, 2.1 L, 2.1 L, and 2.1 L, respectively. For cooperative
game, the coalition structure is {{1, 2, 3},{4, 5}}.

the PS and the LS is slight. For the ES, each MVNO has the
same revenue with others. Furthermore, we compare the PS with
the non-cooperative competition items of the price and revenue.
As shown in Fig. 4, when MVNOs cooperate with others, the
MVNOs can set higher price than the non-cooperation situation.
Meanwhile, the revenues MVNOs obtain are improved.

Next, we consider the pricing strategy for MVNOs in coop-
erative competition under the condition that inventory of each
MVNO is unknown to others. The inventory of each MVNO is

Fig. 5. The revenues for MVNOs as to cooperative game with unknown others’
inventories (CG w NCI), cooperative game with known others’ inventories (CG
w CI), non-cooperative game with known others’ inventories (Non CG w CI)
and non-cooperative game with unknown others’ inventories (Non CG w NCI),
respectively. The true inventories for each MVNO are 0.7 L, 1.4 L, 2.1 L, 1.4 L,
and 0.7 L, respectively. The common prior for all MVNOs is a discrete uniform
distribution.

sampled from a discrete uniform distribution and MVNOs know
only a common distribution about others’ private inventories.
We implement the proposed optimal price setting algorithm
based on MMSE and the belief Pareto order based distributed
coalition formation algorithm to achieve a Bayesian-Nash stable
solution for pricing strategy. We compare the revenues from the
cooperation strategy with unknown others’ inventory with the
revenue from cooperation strategy with known others’ inventory,
the revenue from non-cooperation strategy with known others’
inventory, and the revenue from non-cooperation strategy with
unknown others’ inventory. As shown in Fig. 5, we have the
following observations:
� The price decisions for MVNOs with less information

about rivals may lead to lower revenues for all users in-
cluding cooperation and non-cooperation competition.

� The cooperation in incomplete information may not bring
more benefits than the non-cooperation when full informa-
tion is available.
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� To make more profits, MVNOs will get as much infor-
mation about the rivals as possible, and the cooperation
with full information allows MVNOs to obtain the most
revenue.

VIII. CONCLUSION

In this paper, we studied the pricing decisions for MVNOs
with known or unknown others’ inventory information. For the
situation where the inventory information of one MVNO is
known to others, we proposed an optimal price setting algorithm
based on ordinal potential game to maximize perspective rev-
enue for each MVNO. Then, we put forward three cooperation
strategies for MVNOs and revealed the impacts of coalition
structure on pricing decision. For the unknown inventory infor-
mation situation, we proposed an optimal price setting algorithm
based on MMSE to resolve the conflicts resulting from the
uncertainty and developed a distributed coalition formation algo-
rithm to achieve a Bayesian-Nash stable coalition structure that
enables each MVNO to maximize respective revenue. Overall,
our work provides guidance on its pricing strategies for MVNOs.

APPENDIX

A. Proof of Axiom 1

For Case I, since Ui = Uk > 0, ∀vi, vk, one has

log
qk
Lk

− pk = log
qi
Li

− pi,

and then,

Li

Lk
=

epk

qk
qie

−pi .

Summing up i over all MVNOs vi ∈ V on both sides of the
equation, we have

1
Lk

∑

vi∈V
Li =

epk

qk

∑

vi∈V
qie

−pi .

Due to L0 = 0, then
∑

vi∈V Li = L− L0 = L. Hence, we can
obtain

Lk =
Lqke

−pk

∑
vi∈V qie

−pi
.

For Cases II and III, Uk = 0, ∀vk ∈ V , we have

log
qk
Lk

− pk = 0,

and thus,

Lk =
qke

−pk

L
.

Moreover, for Case II, it is already true that L0 = 0; and for
Case III, it is easy to find L0 = L−

∑
vi∈V qke

−pk .
From the above, we prove the Axiom 1.

B. Proof of Lemma 1

Since the continuity and quasi-concave, the maximum value
of Rk is obtained at the point where its derivative is zero. For

Case I, denoting the best response price as μk for MVNO vk,
according to (8), one has

qkL
(
qk − (μk − 1)eμk

∑
vi∈V/vk

qie
−pi

)

(
eμk

∑
vi∈V qie

−pi

)2 = 0.

It is obvious that this equation holds if and only if the numerator
is zero, and then the following equation holds,

qk − (μk − 1)eμk

∑

vi∈V/vk

qie
−pi = 0.

Rearranging the terms, one can obtain

(μk − 1)eμk =
qk

∑
vi∈V/vk

qie−pi
.

For Case II, according to (8), one has
{
log qi

Li
− pi = 0, ∀vi ∈ V,

Lk +
∑

vi∈V/vk
Li = L.

(28)

Thus, we can obtain

p∗k = ηk == log
qk

L−
∑

vi∈V/vk
qie−pi

(29)

by solving the above equation array corresponding the camber
condition with Case II in Section III-B.

For Case III, we have

∂Rk

∂pk
= qk(1 − pk)e

−pk = 0,

and hence, p∗k = 1.
Based on the above, Lemma 1 is proved.

C. Proof of Theorem 1

For Case I, according to (8), we have

p∗k < log
qk

L−
∑

vi∈V/vk
qie−p∗

i
,

and thus,
∑

vi∈V
qie

−p∗
i > L.

According to Lemma 1, we can get (15). Then substituting
the k − th item in (15) into Case I of (8), we can obtain the
following equation,

R∗
k = L(p∗k − 1).

For the other two cases, we can draw the corresponding conclu-
sions, by applying a similar derivation process.

D. Proof of Proposition 1

Without loss of generality, we assume MVNO vk changes its
inventory, and observe the price dynamics of itself and any other
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one MVNO vi, ∀vi ∈ V . According to (15), one has

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(p∗i − 1)ep
∗
i =

qi

qke
−p∗

k +
∑

vj∈V/{vi,vk} qje
−p∗

j
,

(p∗k − 1)ep
∗
k =

qk

qie−p∗
i +

∑
vj∈V/{vi,vk} qje

−p∗
j
.

(30)

By arranging the items and removing the summation item, we
can get

qi
p∗i

(p∗i − 1)
e−p∗

i = qk
p∗k

(p∗k − 1)
e−p∗

k . (31)

Defining g(p) as the following function of the variable p,

g(p) =
p− 1
pe−p

, (32)

its derivative is

∂g(p)

∂p
=

(p− 1
2 )

2 + 3
4

p2
> 0. (33)

This means that g(p) is a monotonically increasing function
about p, and therefore we have

g(pr
∗
k)

g(pr
∗
i)

=
qk
qi
. (34)

When qk increases with constant qi, g(pr
∗
k) increases accord-

ingly, and thus pr
∗
k increases. In contrast, g(pr

∗
i) decreases

accordingly, and thus pr
∗
i decreases.

E. Proof of Proposition 2

Since qi = qj , according to (31), we have

p∗i
(p∗i − 1)

e−p∗
i =

p∗j
(p∗j − 1)

e−p∗
j . (35)

Meanwhile, due to the monotonic decrease of function g(p)
according to (33), only and if only p∗i = p∗j , (35) holds.

F. Proof of Theorem 2

Since the maximum value is obtained at a zero derivative, for
MVNO vk to maximize its revenue, one has

∂RΛn
(pΛn

)

∂pΛn

= 0 ⇒ epΛn (pΛn
− 1) =

qΛn∑
vi∈V/Λn

qie−pi

(36)
In addition, to maximize the overall revenue of all the member
MVNOs, the coalition price can be calculated by

∂Rk(pΛn
)

∂pΛn

= 0 ⇒ epΛn (pΛn
− 1) =

qΛn∑
vi∈V/Λn

qie−pi

(37)
Therefore, the coalition set from coalition perspective is same
with the one from individual perspective.

G. Proof of Theorem 3

Let RΛn
denote aggregate revenue of coalition Λn. When the

Cournot NE is in Case I, it is given as:

R∗
Λn

=
qΛn

p∗Λn
L

qΛn
+ ep

∗
Λn

∑
vi∈V/Λn

qie−p∗
i

. (38)

NE price of each coalition satisfies the following equation:

∂R∗
Λn

(p∗Λn
,p∗

−Λn
,qΛn

,q−Λn
)

∂p∗Λn

= 0

⇒ ep
∗
Λn (p∗Λn

− 1) =
qΛn∑

vi∈V/Λn
qie−p∗

i
(39)

Using (38) and (39), we can obtain

R∗
Λn

= L(p∗Λn
− 1). (40)
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in Wireless and Communication Networks: Theory, Models, and Applica-
tions. Cambridge, England: Cambridge Univ. Press, 2012.

[39] W. Saad, Z. Han, M. Debbah, A. Hjorungnes, and T. Basar, “Coalitional
game theory for communication networks,” IEEE Signal Process. Mag.,
vol. 26, no. 5, pp. 77–97, Sep. 2009.

[40] R. M. Corless, G. H. Gonnet, D. E. G. Hare, D. J. Jeffrey, and D. E.
Knuth, “On the Lambert W function,” Adv. Comput. Math., vol. 5, no. 1,
pp. 329–359, Dec. 1996.

Chuanyin Li received the B.S. degree in commu-
nication engineering from the Dongguan University
of Technology, Dongguan, China, in 2012. He is
currently working toward the Ph.D. degree with the
Department of Telecommunication Engineering, Xi-
dian University, Xi’an, China. From 2017 to 2018, he
held the Visiting Scholar Position with the Depart-
ment of Electrical and Computer Engineering, Uni-
versity of Houston, TX, USA. His research interests
include game theory, network function virtualization,
machine learning, device-to-device communications,
network quality of service, and social networks.

Jiandong Li (SM’05) received the B.E., M.S., and
Ph.D. degrees in communications engineering from
Xidian University, Xi’an, China, in 1982, 1985, and
1991, respectively. He has been a Faculty Member
with the School of Telecommunications Engineering,
Xidian University, since 1985, where he is currently
a Professor and the Vice Director of the Academic
Committee of the State Key Laboratory of Integrated
Service Networks. He was a Visiting Professor with
the Department of Electrical and Computer Engineer-
ing, Cornell University, from 2002 to 2003. His major

research interests include wireless communication theory, cognitive radio, and
signal processing. He was awarded the Distinguished Young Researcher from
NSFC and the Changjiang Scholar from the Ministry of Education, China. He
has served as the General Vice Chair for ChinaCom 2009 and the TPC Chair of
the IEEE International Conference on Communications in China 2013.

Yuzhou Li (M’14) received the Ph.D. degree in
communications and information systems from the
School of Telecommunications Engineering, Xidian
University, Xi’an, China, in 2015. Since 2015, he
has been with the School of Electronic Informa-
tion and Communications, Huazhong University of
Science and Technology, Wuhan, China, where he
is currently an Assistant Professor. His current re-
search interests include big data analytics, machine
learning, marine object detection and recognition,
and spatial-underwater wireless communications. He

has published near 40 IEEE journal and conference papers on these topics.
Dr. Li is the recipient of the Young Elite Scientists Sponsorship Program by the
China Association for Science and Technology (CAST) in 2017 and the Young
Professional Award of HUST in 2018. He also received the Nomination Award
for Excellent Doctoral Dissertation by the Chinese Institute of Electronics (CIE)
in 2016 and the Excellent Doctoral Dissertation Award by Xidian University in
2018.

Zhu Han (S’01–M’04–SM’09–F’14) received the
B.S. degree in electronic engineering from Tsinghua
University in 1997, and the M.S. and Ph.D. degrees in
electrical and computer engineering from the Univer-
sity of Maryland, College Park, MD, USA, in 1999
and 2003, respectively. From 2000 to 2002, he was an
R&D Engineer with JDSU, Germantown, MD. From
2003 to 2006, he was a Research Associate with the
University of Maryland. From 2006 to 2008, he was
an Assistant Professor with Boise State University,
Boise, ID. Currently, he is a John and Rebecca Moores

Professor with the Electrical and Computer Engineering Department as well as
with the Computer Science Department, University of Houston, Houston, TX.
He is also a Chair Professor with the National Chiao Tung University, ROC. His
research interests include wireless resource allocation and management, wireless
communications and networking, game theory, big data analysis, security, and
smart grids. He received an NSF Career Award in 2010, the Fred W. Ellersick
Prize of the IEEE Communication Society in 2011, the EURASIP Best Paper
Award for the Journal on Advances in Signal Processing in 2015, IEEE Leonard
G. Abraham Prize in the field of communications systems (Best Paper Award
in IEEE JSAC) in 2016, and several best paper awards in IEEE conferences.
He was an IEEE Communications Society Distinguished Lecturer from 2015 to
2018. Since 2017, Dr. Han has been a 1% Highly Cited Researcher according
to the Web of Science.

Authorized licensed use limited to: University of Houston. Downloaded on December 14,2020 at 21:48:39 UTC from IEEE Xplore.  Restrictions apply. 

http://arxiv.org/abs/1707.07080


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


